Introduction
Let M denote a compact topological 3-manifold, without boundary, foliated by topological circles in the sense of Seifert's gefaserter Rdume [8] . This will be called a Seifert structure, or Seifert fibration on M; the leaves of the foliation are called (regular or exceptional) fibres. Our main result is the following theorem, reminiscent of the theorem of Borsuk-Ulam [1] stating that every continuous function from S 3 to S 2 takes at least one pair of antipodal points to the same value. THEOREM 
IfM 3 is a Seifert fibred homology sphere, andf: M 3^-S 2 is a continuous mapping into the 2-sphere, then there are distinct points x and y in M 3 which belong to the same fibre and satisfy f(x) = f(y).
Here are some applications. THEOREM 2. Suppose the homology sphere M 3 is endowed with two Seifert structures. Then some fibre of one structure intersects some fibre of the other structure in at least two points.
Let 6 denote a continuous /S
-action on M, x^-dx
and let x->x(j) (xeM, tfieS 1 ) be another auch action. The notation, used to distinguish the two actions, should not be interpreted as implying that the actions commute in any way. 1 and 6 =( = identity 4= <fi. The homology requirement on M is essential, as the examples below illustrate. There is, however, a partial result for Z/2Z-homology spheres (e.g. odd lens spaces). We'll say that a Seifert structure is of odd type if each fibre has odd index; i.e. nearby fibres wrap an odd number of times along the fibre. . In fact, with respect to its natural metric, RP 3 has three mutually orthogonal fibrations with geodesic fibres, so that fibres from different structures never share more than one point. As these are also orbits of ^-actions on RP 3 , Theorem 3 is also violated for M = RP 3 . Section 2 will outline the proofs of these theorems, based on a study of possible embeddings of
In section 3 we calculate the Hopf invariant associated with Seifert fibrations of homology spheres, its non-vanishing being crucial to the arguments of Section 2. A concluding section contains a theorem of ordinary solid geometry, which is an amusing application of the results stated above. An n-manifold M n is called a A-homology sphere if it is orientable and its homology groups coincide with those of the sphere 8 n , using coefficients in the ring A. If A is not mentioned, then A = Z, the integers, is understood.
The theorems of the previous section will follow, by contradiction, from the propositions outlined below. According to [8] , a Seifert structure determines (and is determined by) a continuous p: M 3 -+Q % onto a compact 2-manifold, (the space of leaves, or fibres). An easy geometric argument -left to the reader (or see [8] 
into two components and the closure of one of these components is acyclic (i.e. has the homology of a point).
The Hopf invariant of a map of a homology 3-sphere into S 2 will be defined in Section 3, which also contains the proofs of Propositions 2 and 3. Intuitively, it is the linking number of generic fibres of the map. PROPOSITION . By Propositions 1 and 2, p has Hopf invariant equal to zero. But Proposition 3 implies that it must be non-zero. This contradiction completes the proof of Theorem 1, modulo the propositions.
Proposition 1 is true in a more general setting, and some of that generality will he useful to establish Theorem 4. ) fail to be acyclic.
Hopf invariants of Seifert fibered A-homology 3-spheres
In this section we will first define the Hopf invariant of a map between A-homology spheres of appropriate dimensions. Then we prove a bordism result, which includes Proposition 2 as a special case.
Finally we will verify Proposition 3 by computing the Hopf invariant of the projection map associated with a Seifert fibration on a homology 3-sphere. R. Fintushel has pointed out that similar calculations appear in [2] and [5] .
Suppose that g: M 2n -I^s -N n , n > 1, is a map between two A-homology spheres. Let C g denote the mapping cone of g. An easy cohomology calculation shows that is an isomorphism and H Zn (C g ) ~ A via the isomorphisms
Given a choice of generators w n of H n (C g ) and w 2n of H 2n (C g ), the Hopf invariant of g is defined by the equation
It is well-known that H(g) depends only on the homotopy class of g, so its nonvanishing is an obstruction to null homotopy of g. The following is a sharpening of this idea. PROPOSITION 
we have H{g) = 0. Turning now to the proof of Proposition 3, we consider an oriented Seifert fibred manifold M 3 and the associated projection mapping
If M is a A-homology sphere, then H^Q; A) = 0 as we've already noted. For A = Z or Z/2Z, this means that Q 2 -S 2 , the 2-sphere. However, for A = Q or Z/qZ, q odd, there is also the possibility of Q = RP 2 . We refer the reader to the example at the end of [8] . The manifold described there is the 'quaternionic space ' N 3 . It possesses two distinct Seifert fibrations; one has S 2 as fibre space, the other has RP 2 as fibre space. (Incidentally, these fibrations can be modified to produce a counterexample to Theorem 2 for N 3 replacing M 3 .) The fundamental group of N 3 is the group { + 1, ±i, ±j, ±k), so that H^N 3 ; Z) is cyclic of order two, and N 3 is a A-homology sphere for A = Q and all A = Z/qZ, q odd.
We assume, from now on, that $1 3 is a A-homology sphere, A = Z, Z/qZ or Q, and that Q 2 = S 2 . According to Seifert's classification, we have J P = (0o;0|&; a,,&;...;<*"&),
where the integers b, a i , fi t satisfy conditions which will be described shortly. In terms of the surgery calculus described in [7] , M has surgery description as in figure 1 . Equivalently, following Seifert [8] , we will consider M 3 as a union of two submanifolds
where M_ is a solid torus, while M + is the result of doing surgery o n r + 1 curves in another solid torus. To fix notation, consider the punctured disc E of figure 2. ; M is formed by sewing the solid torua M_ to M + along the boundary, so the meridian of M_ is attached along m_^.
We can easily compute fundamental groups using the Seifert-Van Kampen Theorem. Let I and m = m_j denote the generators of H l (dM + ) described in the previous discussion. Recall that we may compute H X (M + ) as the cokernel of the transformation To determine ker ({".: H^dM^) ->• H X (M+)), we determine those elements of the image of and therefore, for an appropriate choice of generators, H(p) = a 1 ...a n and Proposition 3' is proved.
Concluding remarks
We have established Theorems 1, 2 and 3. Also, we have given all the ingredients for the proof of Theorem 4 and leave details to the reader. Now we will turn to an unexpected application of our results. The proof goes as follows. Consider the space of all positions of a regular dodecahedron of fixed size, centred at 0. If the positions coincide setwise, but not pointwise, they are, nonetheless, considered the same. This space has an obvious topology; it is a 3-manifold, and in fact is homeomorphic with the famous homology sphere of Poincar6 [6] . Rotation about L is a free ^-action on this space, and the same is true of rotation about L'. Theorem 5 then follows directly from Theorem 3.
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